Abstract. We construct a functor from the triangulated category of Voevodsky motives to a certain derived category of mixed Hodge structures enriched with integral weight filtration. We use this construction to prove a strong integral version of the Deligne conjecture on 1-motives which was known previously only up to isogeny ([BK]).
1. Introduction 1.1. Enriched Hodge structures. Let DM eff gm (C; Z) be the triangulated category of Voevodsky's motives over C with integral coefficients. One has the realization functor ([Hu1] , [Hu2] , [DG] , [Vol] )
to the bounded derived category of polarizable mixed Z-Hodge structures. Recall that a mixed Z-Hodge structure consists of a finitely generated abelian group V Z together with a weight filtration on the rational vector space V Q = V Z ⊗ Q and a Hodge filtration on the C-vector space V C satisfying certain compatibility conditions. On the other hand, it has been shown by Gillet and Soulé ([GS] ) that the integral homology of every complex algebraic variety carries a canonical integral weight filtration. In this paper we construct a realization functor from the triangulated category of Voevodsky's motives to a certain derived category of mixed Hodge structures with the weight filtration defined integrally. Our construction is based on the notion of weight structure on a triangulated category developed by Bondarko ([Bon1] , [Bon3] ). The above realization functor is a key ingredient in our approach to the Deligne conjecture on 1-motives, which is the subject of the second part of this paper. Let A be a subring of Q. We define an enriched mixed A-Hodge structure V = (W · ⊂ V A , F · ⊂ V C ) to be a finitely generated A-module V A together with a weight filtration on V A and a Hodge filtration on V C such that the triple (V Z , W · ⊗ Q, F · ) constitutes a mixed Hodge structure in the sense of Deligne. A morphism f between enriched mixed A-Hodge structures is just a morphism between the underlying Amodules which is compatible with the weight and the Hodge filtrations. We note that, in general, a morphism between enriched mixed A-Hodge structures is not strictly compatible with the weight filtration. As a result, the category of enriched mixed A-Hodge structure M HS A,en is not abelian. However, M HS A,en carries a natural exact structure. We postulate that a sequence
is exact if, for every i, the sequence of pure integral Hodge structures
splits. An enriched Hodge structure is called effective if eff ). 1.2. Weight structures. The main ingredients involved in the definition of (1.2) are a canonical weight structure and a DG structure on the triangulated category of Voevodsky motives ( [Bon2] , [BV] ) and the following general construction inspired by ([Bon3] , §6). Let C be a pretriangulated DG category 1 together with a weight structure on the corresponding triangulated category C tri . Recall from [Bon3] that a weight structure on C tri is just a class of objects P ⊂ C tri closed under finite direct sums and direct summands such that C tri is generated by P and such that, for every X, Y ∈ P, we have Viewing P as a full DG subcategory of C, we have that the complex Hom C (X, Y ) is acyclic in positive degrees. Let C trunc be the DG category having the same objects as C and whose complexes of morphisms Hom Ctrunc (X, Y ) are the canonical truncations of Hom C (X, Y ) in degree 0, and let C ♮ be the pretriangulated completion of C trunc . We have a canonical quasi-functor can : C ♮ → C. In Proposition 2.2 we explain how a weight structure P on C tri determines a section of can
It follows that, for any pretriangulated DG category C ′ and quasi-functor R : C → C ′ , a weight structure on C tri yields a commutative diagram We apply the above constriction to the DG category DM eff gm (k, A) of Voevodsky motives over a perfect field k with coefficients in a commutative ring A ( [BV] ). Its homotopy category DM eff gm (k, A) is the triangulated category Voevodsky motives. Let P ⊂ DM eff gm (k; A) consist of those motives that are isomorphic to direct summands of motives of smooth projective varieties. It is proven in ( [Bon2] ) that if either k is 1 A "DG glossary" can be found in §2.1. 2 Though Bondarko's original definition of a (bounded) weight structure is different it is a posteriori equivalent to ours ([Bon3] , Theorem 4.3.2). The subcategory P ⊂ C tri is the heart of a weight structure in the sense of [Bon3] . a field of characteristic 0 or char k is invertible in A, then P is a weight structure on DM eff gm (k; A). In [Vol] , we constructed a DG quasi-functor DM eff gm (C; A) → D b dg (M HS A eff ), A ⊂ Q to the DG derived category of effective polarizable mixed A-Hodge structures which lifts (1.1). Applying (1.3) to this quasi-functor we get
If B is an abelian category of homological dimension ≤ 1 we identify D 
) of 1-motives up to isogeny over a perfect field k has been studied mainly by Barbieri-Viale and Kahn ( [BK] ), with some contribution of Vologodsky ([Vol] ). One of the main results of this theory ( [BK] , Th. 6.2.1) asserts that the embedding
called the motivic Albanese functor. For k ⊂ C the motivic Albanese functor fits into the following commutative diagram ( [Vol] , Th. 3; cf. [BK] , Th. 17.3.1) is the Hodge realization functor defined by Deligne ([D3] ), and the Hodge Albanese functor LAlb Q is left adjoint to the embedding
. Our goal in this paper is to explain an integral version of the above results. What are the main difficulties in the integral case? A first problem is that none of the categories M 1 (k), M HS Z 1 is abelian 4 . However, there are natural exact structures one can put on these categories. Given a subring A ⊂ Q we view the category M HS ). In Proposition 3.12 we prove that the embedding
3 equipped with a certain peculiar exact structure 4 By definition, the category M HS Z 1 consists of torsion free mixed Z-Hodge structures V such that V ⊗ Q is in M HS admits a left adjoint LAlb A .
Next, for any perfect field k, we consider an exact structure on M 1 (k, A) postulating that a sequence
of enriched mixed Hodge structures. In §4.3 we construct a triangulated functor
gal (k; A) from the derived category of 1-motives to the category of Galois motives DM eff gal (k; A), which is defined to be the quotient of Voevodsky's category DM eff (k; A) by the full subcategory consisting of motives whose pullback in DM eff (k; A) is 0. Ext groups in the category DM eff gal (k; A) can be expressed using Galois cohomology (see §4.2). We do not know if ι is fully faithful, in general. Nevertheless, in Theorem 1, we prove if k is either a field of characteristic 0 or char k is invertible in A, then ι admits a left adjoint Remark 1.1. The category M HS A 1 has a stronger exact structure (i.e., with more exact sequences) induced by its embedding into the abelian category M HS A eff . The corresponding exact structure on the category of 1-motives can be defined geometrically, at least for every field k of characteristic 0 ( [BK] , §1.4). The derived category of 1-motives equipped with this exact structure (which we denote, for the purpose of this paper, by
) has been studied in [BK] . In particular, it is shown there how
can be realized as a full subcategory of the category of etale Voevodsky motives DM eff gm,et (k; A). Unfortunately, unless A = Q, the embedding
2). However, in [BK] , Barbieri-Viale and Kahn using an ad hoc construction produced a functor from DM eff gm (k; A) to the category D b (M et 1 (k, A)), which they also call the motivic Albanese functor. It can be shown that the Barbieri-Viale-Kahn functor is the composition of LAlb A with the projection
). Finally, for k ⊂ C and A ⊂ Q, we construct in Theorem 2 a commutative diagram
This assertion can be viewed as a derived version of the Deligne conjecture on 1-motives (cf. [BK] , §17.3). Its relation to the "classical" Deligne conjecture is explained in Remark 4.9.
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2. Some Homological Algebra.
2.1. Generalities. We begin by recalling some generalities on the homotopy theory of DG categories. The references are made to ( [T] , [Dri] , [K] ). Let C be a DG category over a commutative ring A. Thus morphisms between objects of C are complexes of Amodules and composition maps are morphisms of complexes. The homotopy category Ho C has the same objects as C, and morphisms
A DG functor F : C → C ′ is called a homotopy equivalence (or quasi-equivalence) if for every X, Y ∈ C the induced morphism of complexes Hom
is a quasi-isomorphism and the functor Ho F : Ho C → Ho C ′ is essentially surjective (and, therefore, by the first condition, an equivalence of categories). The localization of the category of small DG categories with respect to quasi-equivalences is denoted by Hqe. We refer to Hqe as the homotopy category of small DG categories.
The category Hqe carries a symmetric monoidal structure
defined as follows ( [T] , §4). If C and C ′ are DG categories and either C or C ′ is A-flat 5 the derived tensor product C ⊗ L C ′ is just the usual tensor product C ⊗ C ′ of DG categories i.e., objects of C ⊗ C ′ are pairs (X, X ′ ), X ∈ C, X ′ ∈ C ′ , and
In general, for every DG category C one finds an A-flat DG category Q(C) with a quasi-equivalence Q(C) → C and sets
In ( [T] , Theorem 6.1), Toen proved that the symmetric monoidal category Hqe admits an internal Hom-functor, RHom: for small DG categories C and C ′ the DG category RHom(C, C ′ ), viewed as an object of Hqe, is characterized by the property that, for every DG category D, one has a functorial isomorphism
We write T (C, C ′ ) for the homotopy category of RHom(C, C ′ ). Objects of T (C, C ′ ) are called DG quasi-functors. By the universal property of RHom every quasi-functor F ∈ T (C, C ′ ) induces a genuine functor Ho F : Ho C → Ho C ′ between the homotopy categories.
Small DG categories and DG quasi-functors form a 2-category denoted by DGcat ( [Dri] , §16). We refer to DGcat as the homotopy 2-category of small DG categories.
Having the 2-category DGcat we define the notion of adjoint DG quasi-functors: given F ∈ T (C, C ′ ) a right adjunction datum (G, ν, µ) consists of a quasi-functor
For a full subcategory B ⊂ C ∈ DGcat the DG quotient C/B is a small DG category equipped with a DG quasi-functor C → C/B satisfying the following universal property: for every DG category C ′ ∈ DGcat the functor (2.1)
is fully faithful embedding whose essential image consists of quasi-functors F ∈ T (C, C ′ ) such that Ho(F )(Ho(B)) = 0. 6 A DG quotient C/B always exists (and unique up to a unique isomorphism in DGcat). In particular, given an A-linear exact category E we define its bounded derived DG category D . We will write D dg (E) unbounded derived DG category of E. Given a small DG category C one defines its DG proj-completion C ← − to be
where superscript op stands for the opposite category
7
. The dual notion, the DG ind-completion C − → of C, is defined by
One has the Yoneda quasi-functors C ֒→ C ← − , C ֒→ C − → that carry an object X ∈ C to the DG functors Hom C (X, ?) and Hom C (?, X) respectively.
We refer the reader to ( [Dri] , §14 or [BV] §1.6) for a more explicit construction of C − → and C ← − . Let us just mention that another name for ( C ← − ) op (resp. C − → ) used in the literature is the derived DG category of left (resp. right) DG modules over C. Given a quasi-functor F : C → C ′ the restriction quasi-functor F * : C ′ ← − → C ← − admits right and left adjoint ones, the derived induction and co-induction functors, ( [Dri] , §14.12).
. Similarly, for a closed morphisms φ : X → X ′ of degree 0, the cone of φ is an object cone(φ) that represents the DG functor
6 In particular, if B is nonempty and Ho(C ′ ) does not have a zero object T (C/B, C ′ ) is empty. 7 To avoid set-theoretical problems one should fix a universe U such that C is U -small and let
We shall say that C is a strongly pretriangulated DG category if C has 0 object and X[n], cone(φ) exist for every X, n, and φ. If C is a strongly pretriangulated DG category its homotopy category Ho C has a natural structure of triangulated category and every DG functor F : C → C ′ between strongly pretriangulated DG categories induced a triangulated functor between the corresponding homotopy categories. For every DG category category C its pretriangulated completion is a strongly pretriangulated DG category C pretr together with a DG functor C → C pretr satisfying the following universal property: every DG functor F : C → C ′ to a strongly pretriangulated DG category factors uniquely through C pretr . Every DG category has a pretriangulated completion and we refer the reader to the original paper by Bondal and Kapranov ([BoKa] ) or to ( [Dri] , §2.4) for an explicit construction of C pretr . Informally, C pretr is obtained from C by adding to C all cones, cones of morphisms between cones, etc. For example, the pretriangulated completion of an additive category B viewed as a DG category is just the category of bounded complexes C b (B). We shall say that C is a pretriangulated DG category if C → C pretr is a homotopy equivalence. For a pretriangulated DG category C ′ and any category C the restriction functor
is an equivalence of categories.
Truncation of a DG category.
Given a DG category C we denote by C trunc the DG category having the same objects as C and morphisms defined by the formula
where τ ≤i C · denotes the canonical truncation of a complex C · in degree i. We say that C is negative if for every objects X, Y ∈ C the complex Hom C (X, Y ) is acyclic in positive degrees.
Proposition 2.1. Let C be a small negative DG category. Then, for every small DG category C ′ , the functor C ′ trunc → C ′ induces an equivalence of categories
Proof. We shall prove a stronger statement that the functor
is an isomorphism in Hqe. Let us first check that the map
is a bijection. Indeed, since by our assumption the functor C trunc → C is a homotopy equivalence we may assume that the complexes Hom C (X, Y ) are supported in non-positive degrees for all X, Y of C. Moreover, using a construction from ( [Dri] , Lemma 13.5) we may replace C by a semi-free (and, therefore, cofibrant) DG category having the same property. Then the sets Hom Hqe (C, C ′ trunc ) and Hom Hqe (C, C ′ ) are in bijection with the sets of DG functors Hom(C, C ′ trunc ) and Hom(C, C ′ ) modulo the homotopy relation ( [K] , §4.2). Finally, our assumption on C implies that every DG functor C → C ′ factors uniquely through C ′ trunc . This proves (2.4). To prove (2.3) it is enough to check that for every A-flat DG category D such that D trunc = D the map
is a bijection. Using (2.4) we reduce the problem to showing that the map
is a bijection or, equivalently, that the map
has the same property, which is indeed the case by (2.4).
Using the proposition we define a functor
2.3. Weight structures. This notion has been introduced by Bondarko ([Bon1] ). We recall here one of the equivalent definitions of a weight structure given in ([Bon3] ). Let C be a pretriangulated DG category, C tri = Ho C its homotopy category, and let P ⊂ C be a full DG subcategory of C (not necessary pretriangulated). We say that C is generated by P if C tri is the smallest triangulated subcategory of C tri which contains Ho P, or equivalently, if the DG quasi-functor P pretr → C is a quasi-equivalence. The subcategory P is called homotopy idempotent complete in C if any object of C which is isomorphic in C tri to a direct summand of an object of Ho P lies in P. We say that P is homotopy additive if Ho(P) is additive.
A weight structure 8 on C is a full DG subcategory P ⊂ C, which is negative (i.e., for every objects X, Y ∈ P the complex Hom C (X, Y ) is acyclic in positive degrees), homotopy idempotent complete, homotopy additive, and which generates C.
If P ′ ⊂ C is a full DG subcategory which is negative and which generates C then there is a unique weight structure P with P ′ ⊂ P ([Bon3], Th. 4.3.2). If P is a weight structure on C then, using Proposition 2.1, the embedding P ֒→ C lifts canonically to a DG quasi-functor P ֒→ C trunc , which, in turn, extends to a quasi-functor C ≃ P pretr → C ♮ . We summarize this in the following proposition.
Proposition 2.2. A weight structure P on C determines a DG quasi-functor Q P fitting into the commutative diagram
where can : C ♮ → C is induced by the functor C trunc → C.
A weight structure on C also determines a t-structure on the derived category T (C, D dg (A − mod)) of DG modules over C. More generally, we have the following result.
Proposition 2.3. Let C be a DG category equipped with a weight structure P ⊂ C, C ′ a pretriangulated DG category together with a t-structure Ho C ′≤0 , Ho C ′≥0 on the homotopy category of C ′ , and let T (C, C ′ ) ≤0 (resp. T (C, C ′ ) ≥0 ) be the full subcategory of the triangulated category of DG quasi-functors T (C, C ′ ) consisting of those F ∈ T (C, C ′ ) which carries every object of Ho P to an object of Ho C ′≤0 (resp. Ho C ′≥0 ). Then, the subcategories
Proof. We just explain a construction of the functor
be the full subcategory consisting of those objects which are isomorphic in Ho C ′ to an object of
trunc to an object quasi-isomorphic to τ ≤0 X. Using Proposition 2.1 this yields a functor
Remark 2.4. The above proof also shows that, for every negative DG category P and a pretriangulated DG category C ′ with a t-structure on Ho C ′ , the subcategories
2.4. The Chow weight structure on the category of Voevodsky motives. This is the most important for us example of a weight structure. Denote by DM eff gm (k, A) the DG category of effective Voevodsky motives over a perfect field k with coefficients in a commutative ring A ( [BV] , §2). Its homotopy category DM eff gm (k, A) is the triangulated category of effective Voevodsky motives. Let P ⊂ DM eff gm (k; A) be the full DG subcategory consisting of those motives that are isomorphic in DM eff gm (k; A) to direct summands of motives of smooth projective varieties. It is proven in ([Bon2] , Th. 2.1.1) that if either char k = 0 or char k is invertible in A, then P is a weight structure on DM eff gm (k; A). Note that the homotopy category Ho P is equivalent to the category of pure effective Chow motives ( [Voe] , Cor. 4.2.6).
Given any pretriangulated DG category C and quasi-functor R :
The functorR fits into the following commutative diagram Let A be a commutative ring, B an A-linear abelian category, and let F B be the category of finitely filtered objects of B. That is, objects of F B are pairs (V, W · V ), where V ∈ B and W · V is a increasing filtration on V , such that, for sufficiently large i, we have
We introduce an exact structure on F B postulating that a sequence
the corresponding derived DG category over A and by
For an object V of B, let V {i} be the object of F B with W j V {i} equal to V if j ≥ −i and to 0 otherwise. The following result is due to Positselski ([P] , Example in §8).
Proof. Since a proof is only sketched in ([P]) we give a complete argument here. First, we check using induction on n that Ext
If j ≤ i every such extension splits: for i = j this follows from the definition of the exact structure on F B and for j < i the splitting is given by
′ {j}) = 0 since n > j − i. We now prove that for every X, Y ∈ F B with W −i−1 X = 0 and
) is an isomorphism provided that n ≤ j − i (this is a generalization of the assertion in the Lemma). For surjectivity, given α ∈ Ext n B (Φ(X), Φ(Y )) we can find objects It remains to prove injectivity of (2.9). We do this by induction on n. If n = 1 the statement is clear. For the induction step it is enough to check injectivity of (2.9) for X = V {i} and Y = V ′ {j} with n ≤ j − i. Let α ∈ Ext n F B (V {i}, V ′ {j}) be an element whose image in Ext n B (V, V ′ ) is zero. As at the first step of the proof we can find X = W −i−n+1 X ∈ F B and α n−1 ∈ Ext
be a short exact sequence in F B that represents α 1 . Consider the following commutative diagram (2.10)
We observe that α = 0 if and only if α n−1 lies in the image of h * . An easy diagram chase using the exactness of the rows completes the proof. 
♮ which is a homotopically fully faithful by the Lemma 2.5. As B has homological dimension ≤ 1, every complex in D b dg (B) trunc is homotopy equivalent to a finite direct sum of objects in the image of Q. It follows that (2.11) is a homotopy equivalence.
Enriched Hodge structures.
3.1. Generalities. We start with a general construction. Let k be a perfect field, A a commutative ring, and let B be an A-linear abelian category of homological dimension ≤ 1. We assume that either char k = 0 or that char k is invertible in A. Let DM eff gm (k; A) be the DG category of effective geometric Voevodsky motives ( [BV] , §2), and let
be a DG quasi-functor. Using diagram (2.8) and Proposition 2.6 it follows that the Chow weight structure on DM eff gm (k; A) determines a quasi-functorR fitting into the commutative diagram
Here Φ is induced by the forgetful functor F B → B.
Let us record some elementary properties ofR, which follow directly from the construction.
(i) For an integer i, let
be the quasi-functor to the DG category of chain complexes over B, which carries a complex (
carries every object X of P to the one-term complex
(ii) Recall from Proposition 2.3 that the weight structure P ⊂ DM eff gm (k; A) determines a t-structure on the triangulated category
of quasi-functors. Let τ ≤i R be the canonical truncation of R relative to this t-structure. Then τ ≤i R is isomorphic to the composition
(iii) For every X, Y ∈ P the forgetful functor Φ yields a quasi-isomorphism
Enriched Hodge realization.
Let A denote a subring of Q. We apply the above construction to the Hodge realization DG quasi-functor 
is a fully faithful embedding.
Proof. As M HS
A has homological dimension 1, Lemma 2.5 implies that, for every objects V, V ′ ∈ F M HS A and every i > 1, we have
Since the subcategory M HS
A,en eff → F M HS A is closed under extensions the lemma follows from ( [P] , Prop. A.7).
The lemma together with formula (3.2) imply that the functorR 
((Z/mZ)(n)) is not isomorphic toR
eff ), unless n = n ′ .
Relation to the work of Gillet and Soulé ([GS]) and Bondarko ([Bon1]).
The material of this subsection will not be used in the rest of the paper. In ( [GS] , Th. 2), Gillet and Soulé associated (using algebraic K-theory) with any algebraic variety X over a field k of characteristic 0 an object W (X) in the homotopy category K b (Ho P) of bounded complexes of Chow motives over k, called the weight complex of X. In ( [Bon2] , §3.2.1), Bondarko extended Gillet-Soulé construction to a triangulated functor
His construction can be explained as follows. Using notation of §3.1 we have a DG quasi-functor
where the homotopy Ho P is viewed as a DG category with the Hom complexes supported in degree 0, G ′ is the identity on objects and the projection
on morphisms. Taking the pretriangulated completion of (3.7) we obtain a DG quasifunctor
The weight complex W (X) of Gillet-Soulé is obtained by applying this functor to the motive of X with compact support ( [Voe] , §4.1).
to the DG category of bounded chain complexes over Ho P. Passing to the homotopy categories we get (3.6). We apply this construction to k = C. Following ( [GS] , §3.1) given a nonnegative integer i we consider the functor Ho P → HS A −i to the category of pure Hodge structures of weight −i that takes a smooth projective variety X to the Hodge structure on the i th homology group H i (X, A) and denote by Γ i :
The composition of Γ with (3.8) determines a quasi-functor
Using (3.2) it follows that functor (3.9) is isomorphic to G r
3.4. Lefschetz (1, 1) Theorem. We refer the reader to Theorem 2 for a generalization of the following result. Proof. It suffices to prove the result in the case when M is the motive M (X) of a smooth projective variety X. Using that A(1)[2] is a direct summand of M (P 1 ) and formula (3.3) we reduce the Lemma to showing that the morphism
is a quasi-isomorphism. In fact, the degree i cohomology group of the complex Hom 
Zar (X, O * X ) ⊗ A. If i = 1 the assertion is clear because the functoriality of the isomorphisms of Voevodsky and Beilinson reduces the claim to the case when X is a point. For i = 2 we observe that because X is projective the Picard group H 1 Zar (X, O * X ) is generated by classes of very ample line bundles. Thus, we reduce the statement to the case X = P n , where it is immediate.
10 At the beginning of §5.4 Beilinson seems to claim that the cohomology groups of the above complex in degrees > 2 vanish. This is not true: for example, if i > 3 the i th cohomology group is isomorphic to the Betti cohomology group H i−1 (X, A ⊗ Q/A). In a sense, the reason for introducing the category of enriched Hodge structures is precisely to deal with this problem. 
to the category of A-modules is representable by an object of
). We take for S the set of pure enriched Hodge structures. If V has weight < −2, then Φ V is 0. Let V be a pure polarizable Hodge structure of weight −2. There exists a unique decomposition V ⊗ A Q into the direct sum of a Hodge-Tate substructure and a substructure P ⊂ V ⊗ A Q that has no Hodge-Tate subquotients. Then Φ V is representable by Im(V → V ⊗ A Q/P ). Next, every pure weight −1 Hodge structure V is the direct sum of a torsion free Hodge structure V f and Hodge structures of the form A/mA, m ∈ Z (with W −1 (A/mA) = A/mA, W −2 (A/mA) = 0). The functor Φ V f is representable by V f and the functor Φ A/mA is representable by the complex A(1) 
The Albanese functor
4.1. DG category of 1-motives. Denote by M 1 (k) the category of 1-motives over a perfect field k. Thus, an object of M 1 (k) is a complex of group schemes
where Λ is a k-lattice viewed as a group scheme over k and G is a semi-abelian k-scheme. Morphisms between 1-motives are given by commutative squares. We set
For an extension k ⊂ k ′ , we denote by
the corresponding pull-back functor.
is equipped with a canonical filtration
where T ⊂ G is the toric part G. We refer to W i M as the weight filtration on M . For an abelian group scheme H over k we denote by H the corresponding presheaf of A-modules on the category Sm k of smooth schemes over k:
Recall from ( [BK] , Lemma 1.3.2) that if the neutral component H 0 is quasi-projective then the presheaf H has a unique structure of a presheaf with transfers. Using this fact we define a DG functor
tr ) from the DG category of complexes over M 1 (k, A) to the DG category of complexes over the category P Sh k,A tr of presheaves with transfers on Sm k sending a 1-motive
where Λ is placed in degree 0 and G in degree 1. We introduce an exact structure on M 1 (k, A) postulating that a sequence
is exact if the sequence of pure 1-motives over an algebraic closure k ⊂ k
splits. The axioms of exact category (see, e.g. [P] , Appendix A) are immediate. (M 1 (k; A) ) the derived DG category of the exact category M 1 (k; A) and by D b dg (w ≤i M 1 (k; A)), (i = 0, −1, −2), the derived DG category of the subcategory w ≤i M 1 (k; A) ⊂ M 1 (k; A) consisting of 1-motives whose weights are ≤ i. As the functor (k; A) ). We will write ) ), i = 0, −1, −2, for the DG quasi-functor to the derived DG category of the subcategory w =i M 1 (k; A) ⊂ M 1 (k; A) of pure 1-motives of weight i, which carries a complex
Remark 4.2. According to Deligne ([D3] ) the Hodge realization functor:
is an equivalence of categories. If we endow M HS is an equivalence of exact categories. In particular, it yields a quasi-equivalence of the corresponding derived DG categories: T
). Remark 4.3. For a perfect field k, whose characteristic is either 0 or invertible in A, Barbieri-Viale and Kahn ( [BK] , §1.4) consider another exact structure on M 1 (k; A) in which sequence (4.2) is exact if the complex T ot A (M · ) is acyclic locally for thé etale topology on Sm k . This exact structure has more exact sequences than the one introduced above. For example, the sequence
where u takes 1 ∈ Z to a primitive n th root of unity in k * and α (resp. β) acts on Z (resp. on G m ) as the multiplication by n, is exact in the sense of Barbieri-Viale and Kahn but, unless 1/n ∈ A, this sequence is not exact in our sense. For k = C Barbieri-Viale-Kahn's exact structure is induced by the embedding M 1 (C; A)
A into the abelian category of mixed Hodge structures.
We compute Ext groups between irreducible objects in M 1 (k, A).
where H * et (spec k, ?) denotes the Galois cohomology with coefficients in a discrete module. (c) We have natural isomorphisms
where Y • is the dual abelian variety and Ξ T is the k-lattice of cocharacters of T (i.e., homomorphisms from G m to T ).
Proof. It suffices to prove the proposition for A = Z. Assume, first, that k is algebraically closed. Then, arguing as in the proof of Lemma 2.5, we see that Ext
we need to check that there exists a 1-motive M such that G r 
, where R k ′ /k is the Weil restriction functor. Since both f * k ′ and f k ′ * are exact they define a pair of adjoint quasi-functors:
On the one hand, by the adjunction property, this complex is quasi-isomorphic to the complex Hom
is quasi-isomorphic to the standard complex that computes the group cohomology of
n for the n-th iterate of Ω, we form a complex
where the first map M j → ΩM j is induced by the adjunction unit Id ǫ −→ Ω and d n is the alternated sum of the morphisms
Complex (4.6) is exact (in fact, f * k ′ of this complex is homotopy contractible by Prop. 8.6.10 from [W] ). In particular,
with the complex of n-cochains on Gal(k
) with the standard complex that computes the group cohomology of Gal(k ′ /k) with coefficients in Hom D b dg (M1(k)) (M i , ΩM j ). In particular, for every finite Galois extension k ⊂ k ′ we get a spectral sequence converging to Ext *
. For a larger finite Galois extension k ′ ⊂ k ′′ we have a morphism of the corresponding spectral sequences. Passing to the limit over all finite Galois subextensions k ⊂ k ′ ⊂ k and using that the Galois cohomology commutes with filtrant direct limits we get a spectral sequence converging to Ext *
Since, in our case, the complex Hom
has nontrivial cohomology in a single degree the spectral sequence degenerates in the E 2 term and we finish the proof of the proposition.
Galois motives.
For an extension k ⊂ k ′ we shall write
for the base change functor. We define the category DM eff gal (k; A) of Galois motives to be the DG quotient of DM eff (k; A) modulo the subcategory consisting of objects that become contractible in DM eff (k; A) (i.e., equal to 0 in the triangulated category DM eff (k; A)). We will write DM eff gm,gal (k; A) for the homotopy idempotent completion ( [BV] , §1.6.2) of the image of DM eff gm (k; A) in DM eff gal (k; A). Hom complexes in the category DM eff gal (k; A) can be described as follows. Fix a geometric motive V ∈ DM eff gm (k; A) and an arbitrary motive V ′ ∈ DM eff (k; A). Then, the assignment
specifies a complex of presheaves on the smallétale site (spec k) et of spec k. Letting V ′ vary we get quasi-functor
to the derived DG category of presheaves on (spec k) et . Now, since V is compact object of DM eff (k; A), we have that
locally (for theétale topology) acyclic i.e., the sheafification ofΨ V (V ′ ) is an acyclic complex of sheaves on (spec k) et . Hence,Ψ V determines a quasi-functor
from the category of Galois motives to the derived DG category of sheaves on (spec k) et . Observe that Ψ V (V ) has a canonical global section
gal (k; A) is a Galois motive, then the morphism
together with the above global section of Ψ V (V ) specify a morphism
Proof. Consider the functor
For every V ′ , the complexΦ V (V ′ ) isétale local i.e., it satisfies the decent property forétale hypercoverings ( [BV] , 1.11). In addition, we have a morphismΨ (P Sh(k) ) that induces a quasi-isomorphism of the corresponding complexes of sheaves: the fibers of Ψ V (V ′ ) and Φ V (V ′ ) at the geometric point spec k → spec k are quasi-isomorphic to Hom DM eff (k;A) (f * k
We abbreviate the above computation in the formula
4.3. Motivic Albanese functor. Using Remark 4.1, the functor T ot A :
. Remark 4.6. We conjecture that Ho ι is fully faithful. We do not know if ι factors through the subcategory DM We shall prove that ι has a left adjoint quasi-functor
i.e., a quasi-functor together a morphism 
Thus, for an object
. We refer to ι * as the formal left adjoint functor of ι. The next theorem asserts that (4.11) factors through D b dg (M 1 (k; A) ) and, thus, defines LAlb A . Theorem 1. Assume that either char k = 0 or that char k is invertible in A. Then the following assertions are true.
(a) For every motive V ∈ DM eff gm,gal (k; A), the DG module ι * (V ) is quasi-representable i.e., ι * (V ) is homotopy equivalent to an object lying in the image of the Yoneda embedding
(b) The functor LAlb A commutes with an arbitrary base field change k ⊂ k ′ : (1) represents the following functor:
where Ξ is a k-lattice. On the other hand, using Propositions 4.5 and 4.4, it follows that the DG module cone α carries 1-motive Ξ(1) to
, which completes the proof of part (a) of the Theorem.
Remark 4.7. The above proof shows that for a smooth projective variety X we have a functorial quasi-isomorphisms
Remark 4.8. Let P ⊂ DM eff gm,gal (k; A) be the full DG subcategory consisting of those motives that are isomorphic in the homotopy category DM eff gm,gal (k; A) to direct summands of motives of smooth projective varieties and let P pretr ֒→ DM eff gm,gal (k; A) be its pretriangulated completion. Then, even if char p is not invertible in A, the above proof shows, for every V ∈ P pretr , the functor ι * (V ) is quasi-representable. This defines a quasi-functor (k; A) ). To prove part (b) of the Theorem recall from ( [Vol] , Prop. 3.3) that the quasifunctor ι commutes with the an arbitrary base change k ⊂ k ′ . Thus, by adjunction, we get a morphism of quasi-functors
To prove that this morphism is an isomorphism it suffices to show that for every smooth projective variety X over k the induced morphism Proof. We shall start by recalling a general Homological Algebra construction. Let R be a negative DG category over a commutative ring A (see §2.2), and let T (R, D dg (M od A )) be the triangulated category of left DG modules over R ( §2.1). Denote by T (R, D dg (M od A ))
≤0
(resp. T (R, D dg (M od A )) ≥0 ) the full subcategory of T (R, D dg (M od A )) formed by those DG functors L that carry every object X ∈ R to a complex L(X) acyclic in positive degrees (resp. in negative degrees). Then, by Remark 2.4 the subcategories
define a t-structure on T (R, D dg (M od A )). In particular, the embedding T (R, D dg (M od A )) ≤0 ֒→ T (R, D dg (M od A )) admits a right adjoint functor (4.14)
Now we come back to the proof of Theorem 2. Since the motivic Albanese functor commutes with the base change, it suffices to construct diagram (4.13) for k = C. We need to show that the following two left DG modules over DM (C; A) ) is generated by Q and, using Proposition 4.4, it follows that Q is negative. Let P ⊂ DM Using this isomorphism we get a morphism of DG modules . Next, we apply the canonical truncation (4.14) to the DG modules L i over the negative category R. Consider morphisms (4.18)
of truncated DG modules induced by v and u. We claim that τ ≤0 u as well as the canonical morphisms τ ≤0 L 2 → L 2 and τ ≤0 L 1 → L 1 are quasi-isomorphisms. The first two assertions follow from the fact that, for V ∈ P and M ∈ Q, both T Remark 4.9. Let us explain how the assertion of Theorem 2 is related to the "classical" Deligne conjecture on 1-motives, proven in [BRS] and in [R] . This conjecture asserts that, for every variety X over k ⊂ C and an integer m ≥ 0, there exists 1-motive L m Alb Z (X) whose Hodge realization is isomorphic to the maximal quotient of the mixed Hodge structure H m (X C , Z) which belongs to M HS satisfies the required property.
